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Abstract: Using the Schrodinger equation we were able to predict the nature of the quantum world in the most accurate
way. This paper begins with deriving a new equation, which can relate to wave-function, velocity position,
and mass of the quantum system. The derived equation can have many uses in theoretical and experimental
approaches of physics. One use is already discussed in this paper. That use is, predicting the nature of the
quantum system by using a usual plane wave-function. This prediction of the nature of the quantum system
can help us understand the reason for the duality of the quantum system, behaving as both wave and particle.
The next part of the paper is a bit abstract one but the most promising breakthrough of this paper. By using
the information given by our derived equation, we can derive the famous Einstein’s relativistic equations for
mass, length and time, on a condition of constant velocity or no force. This way, this paper also connects
quantum mechanics with the special theory of relativity. The final work of the paper will be giving a definition
or a law, to state which kind of property can be relativistic and which cannot be a relativistic property.
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One of the important aspects of quantum mechanics is using Operators. There have been a few attempts
on introducing force operator [1] and this paper does not defy them, but it introduces a better version of force
operator, which leads us to some useful results. Relative to other operators, force operator has been the least
discussed force and it is discussed on very rare concepts like the quantum Langevin equation by G.W.Ford and
M.Kac [2]. This paper begins with defining a new form of an operator for Force. Using the new derived force

operator, we can find a new equation for quantum mechanics. We will use the Schrodinger equation for deriving
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our final equation. We will use the plane wave-function equation to derive a supporting result in order to prove the
derived equations. Among the results, we will use one of the derivations to explain wave-particle nature. There
can be much further uses of those equations and one very interesting use is given in the paper which intends to
connect relativity in order to derive a law which can help us to find the relativistic or non-relativistic nature of a
property. There are has been a huge amount of efforts for the collaboration of relativity and quantum mechanics
[3], though not a satisfying result has been found yet, this paper is one of those efforts. The derivations related
to relativity will use some abstract methods to derive proper results, which could lead us to the law for the
relativistic property. The relativity related part of this paper is also an effort to connect relativity to quantum
mechanics, which has been one of the most discussed topics in physics since last few decades. Also, note that the

manuscript is studied in one dimension.

We know that,
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So, it can be defined in the form |,
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So, we can define a force operator,
. Ep
F=== 4
ha (4)
Then,
. Ep
Fo==L, (5)
ih

Suppose, E as total energy, U as potential energy, K as kinetic energy and W as work done by external force.

E=K+U=W+U (6)
So,
Fr=—-(U-E) (7)
We may define Fx as an operator too,
- F2=U-F (8)

We will use the previously derived force operator,
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We found an equation for the operator of potential energy. Using schcrodinger equation,

dp h? d%p
B = =5 quz T U

Inserting the equation of potential energy operator in schrodinger equation,

dp h? d%p dp dx dy d dp
h%“%@Jﬂhdt T e T g g
We find this equation,
h? d%p dy dx dp d dp
e PP T e T M a

By simplifying this equation,
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We found an equation which can give us new information about the quantum system. So we have found a new

equation, which can be said to be a modified form of Schrodinger equation, which relates between displacement,

velocity and the wave function.
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Suppose wave function as a plane wave, defined as follows.

o= ei(k;vfwt) _ €¢
Then,
d*e 2 dp dp
dx? Ve Ty TP

_dh dPe  dp | dy d dy
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0= _ihk —iw + wk + ckw
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We will equate both imaginary and real part equal to Zero.
Imaginary part;
hk?
0=———-w+vk
2m

Real Part;

zhkw =0

Now for the imaginary part,

law of relativistic property

(22)
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The difference between Phase velocity and the group or classical velocity is exactly the same as the value currently

accepted by quantum mechanics of our previous knowledge. Hence, it is proved that the equation is correct, but

still, the necessity of experimental proof cannot be ignored.
For the real part,

rkw =0

x # 0, which means, kw = 0. This can be understood by following cases,

Case l; k=0and w=0
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If K = 0, then in the following equation,

vp = % (34)
Phase velocity will not be defined which is not possible in a quantum system. So, this case is false.
Case 2; K =0
Because of the Same reason as casel, this case is also false.
Case 3; w=0
In this case
2R o, (35)
and
vp =0, (36)

this does not oppose any property of the quantum system, so this case must be the true one.

When x is negligible, there is no issue with phase velocity, but when x is considerable phase velocity becomes
zero according to our equation.

zkw =0 (37)

This can be a key to understand the wave-particle nature of quantum states. To understand this, let us revise
youngs double slit experiment, which also works for electrons and before few years such experiment was also done
to buckyballs, which showed similar results of bright and dark fringes. According to our derived equation, the
state whether it is an electron or a buckyball behaves like a proper wave at the moment when a field or force
is applied. But in the next moment, the frequency and the phase velocity reaches zero. Due to this reason, the
wave nature vanishes, so the state must behave like a particle. In Young’s experiment, when the particle reaches
the slit, the force field is created due to the surrounding material of the slit. According to our equations, It is
not dependent on the strength of the force, but just when the force acts, it properly behaves as a wave. So the
motion of the state transforms just as the motion of a wave would be in the slit. But at the next moment, the
state behaves as a particle, so when the state is detected at the screen and it shows the particle nature. This

explanation can be a key to understand the good old wave-particle duality.

If w=0, then
%‘: — iwp =0 (38)
and
d dp (39)
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Then our derived equation becomes,

ih & dp
2m dz? dx
and
Lk
2m
Then,
ih d*¢ hk . do
amdzz " om) e~ °
On simplification,
d%p de

Integrating the equation with respect to dx,

ik —ikp +1 %Lpdx:O
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dk
P dr =
da P 0
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(40)
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Please, note that further equations are built intentionally to form desired result. This part is an abstract

form of work, to realize the possibilities.

2.3.1. Relativistic mass equation

When No Force is acting or when group velocity is constant,

hk
Up :O,Ug = %
So,
mvg = mv = E—k
9 T 2m
dv _ d bk
dz ~ dz'2m

(51)
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(53)
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‘We know, that
dk
Y _o
dx
Then, we might assume that mass is variant under position,

dv hk dm

dr  2m? dx

We know from the Newtonian mechanics that,

Then,

When F=0, then

Suppose, a term

E=mc = (m —mo)c

Here, m(0) is constant, then
4 _ dm ,
dr ~ dx

(note; E is just used as a term and not as any physical interpretation of energy) So,

2

dE
= _0
dx
Now,We can build the following terms,
dE dm
We already know that,
dk
2
dx
then,
Rk ds _
2 dxr
Combining Equations,
dE dm _ h’kdk
=y gt MO
(m +mo) dx + dx 2 dx

(54)

(63)
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O dx dx dr’ 2 dx

dE _d(Em) _ h’kdk

mo% dr 2 dr
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dx T2 dx
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dx T4 (dex)
d(E(m +mo)) _ B d(k?)
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d(E(m+mo)) A2

dx dx

Integrating both sides,
h’k?

E(m+mg) = 7]

Now,
E(m+mo) = p?

Putting value of E,

(m —mo)(m +mo)c® = m*v®

2 22 _ 22
(m” —mgy)c” =m’v

, ) m2o?
m — Mgy = 2
2 202 2
m — 02 = my
2
2 v 2
m (1_67): 0
m2 = mgz
v
(1-%)
mo
m = =
(1-%)
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We will suppose a system of two particles having equal velocity and same direction. Note that the external

force on the system is supposed to be zero, but internal forces like gravitation and electromagnetism can exist

internally. The gravitational force between two particles is negligible. Suppose | as length between two particles.

Gmlmz

p 0

Diffrentiating both sides,

12 dx 12 12

Gm1 de Gmg 2Gm1m2 ﬂ _ 0

Also, we have found previously that mass is invariant under position when force is not acting. So,

dml_dmg_o
de ~— dr

So, this means
di
2 0
dx

Using a similar method of the one, we used for mass, Suppose a term

Er = (lo — 1)
So diffrentiating it, (1(0) is constant)
@ — _ﬂ(f -0
de — dx
Now, we can form the following equations,
dF dl
l4+1l)— +E1— =
(I +1o) dr + E1 dr
and
polis B dm_
de’® " 2m?dz
Combining both equations,
dEq dl
l4+1l)— +FE1— =2v—
(I +1o) dr + £1 dr v

Simplifying this equation in the similar way we did in the previous derivation,

(14 10)Er) _ d(w*3)

0

dv
dx

dx dx

(I410)Er =13

(L4 1o)(lo — 1)e® = v°13

(15 = 1*)c? = %13
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To derive the time equation, we will use equations of non-accelerated motion as this case is for constant

velocity. This case is the most abstract one but it is still quite derivable.

vt =1 (97)
By diffrentiating on both sides,
Z—Zt + Uc% =1 (98)
As,
CL:U%:(LSO%:O (99)
vj—; = 1,503—; = % (100)

As we know relativistic effects are only shown when the velocity is in higher amount, so we here we will suppose

that velocity is higher enough to consider it’s reciprocal equal to zero.

dt 1
— =-=0 101
dx v (101)

But to derive proper equation we have to use t instead of t.

=0 (102)

Suppose a term
o dEy  dAL 4

Et = (At — Ato)c 5 dx = %C (103)

Using the same method used in previous derivation we will form following equations,

dE; dAt
(At-i—Ato)E +Et% =0 (104)
and also,
dv dAt dv  dAt
AP = 4+ 2At* =— = 0As, — = — = 1
vAt . + 2Atv . 0As, . In 0 (105)
Now, combining both equations,
dEt dAt _ 2 dv 2 dAt
(At + Ato) . + E, e 20A¢t e + 2Atv . (106)
The simplifying right-hand side we get,
d(E: (At + Ato)) — QUAthi + QAtUQLAt (107)

dx dx dx
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Applying reverse chain rule to the left-hand side,

d(E(At + Ato))  d(Atv?)

dx - dx (108)

Removing differentiation,
Ei (At + Ato) = At*v? (109)
(At — Ato) (At + Ato)c® = At*v® (110)

Simplifying the equation,
At— B (111)

_ w2
62

The only difference for time equation is that it is applicable for high velocity.

We introduced a new form of force operator in terms of energy and momentum operator and used that
to derive a new equation. We found an equation for potential energy operator, which can be implemented in
practical approaches and experiments.

—dx dp - ddp

A ade .
Ucp—thE—l—zhE%—&-zhxa%

(112)

It is quite possible to find the eigenvalues of potential energy for specific systems. It is to be noted that
velocity and position plays a role in determining the eigenvalues of potential energy. Through this paper, I would
like to encourage other respective physicist to discover, what more can be known through these equations about
various systems. We also found an equation which can give us insight and more information about a quantum
state and its dynamics.

This derived equation may act as a support for mathematical models of quantum states, future theoretical

discoveries and practical features of quantum technology

)
_ihdp dp  dp  ddg

T 2m dx? dt dx dt dz (113)

We found that the prediction of the difference between phase velocity and group or classical velocity is
exactly the same as we have derived in the studies of quantum mechanics. We used the equation and derived
more information about the quantum system, which led us to a possible explanation of wave-particle duality.
Wave-particle duality has been a good deal of debate among the physics community and it will be cherished to
find a proper explanation for the dual behavior. If the equation of this paper gets proved correct, experimentally
then the proposed explanation for duality in this paper can act as a strong solution. So, I would also encourage

experimental physicists to find a way to test the equation.
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The most amusing part of this paper is the derivation of relativistic formulas of mass, length and time. The
relativistic equations getting derived from quantum mechanics itself is quite surprising and unexpected.

Physicist, over the last decade or two, have contributed much time and effort to find relation between
quantum theory and relativity. Much success has been achieved, but not a satisfactory one. This paper can act
as the next step for the connection between these two opposite banks in the wide river of physics. The method
used to derive relativistic results are surely framed in a way to get specific results in form of relativistic equations.
We can do this in reverse method, and use relativistic equation, differentiate them with x, and then prove that
they are true

We can define in a sense that which properties can be relativistic and which properties cannot be relativistic.
Here is how we can define. The necessity for the derivation of all three relativistic equation was its invariance
under displacement. We connected the invariance of wave number k and the invariance of the three properties to

derive the relativistic equation.

L (1)

v (1-%)

dl v?

ahip— — =1In(1 - — 11

. > 1 =lo( 02) (115)
dAL G ap— Bl (116)
dx v2

(1-%)

So, we can give a definition or law of relativistic property. Only those properties which are invariant with
displacement show relativistic nature or in other words for a property H, to be a relativistic property its derivative
with respect to displacement x should be equal to zero. Let us take an example, suppose an electrostatic force

between two quantum state having equal charge q, behaves as

K¢?
F= 2 (117)
So, its derivative,
2Kqdq 2Kq¢*dl  dF
724 229 & _Z° (118)
12 dx 3 de dz
where dl/dx=0,from our previous derivations
2kq dq dF
———=—%#0 119
2 dx dx 7 (119)
Because electrostatic forces are not negligible for quantum states and also they are variant under position.
So
dg (120)

dx
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Hence, the charge is not relativistic. By this way, we can confirm which property is relativistic and which one is

not relativistic. These derivation and explanation of relativistic equation in these equations of quantum mechanics

are just from the special theory of relativity. Yet we have no idea about the relationship of the general theory of

relativity to this work.

After all the derivations and explanation we have gathered the following conclusions,

e We can use the force operator in terms of energy and momentum operator,

5
o p

== (121)

e We found a useful equation for the operator of potential energy,

Up = 2ih %P L pdrde |, dde

dt dt dx dt dx (122)

e We found an equation giving the relationship between wave-function, velocity, and displacement,
ih d>p  dy dy d dy

=_——t+—"4v+a

T 2m dx? dt dx dt dz (123)

e We found that the difference between phase velocity and group or classical velocity, according to our derived

equation, is completely obeying our current knowledge of quantum mechanics.

ko

% Vg — Up (124)

e We found a possible solution or explanation for wave-particle duality of quantum states.

e We derived relativistic equations of mass, length and time using the information given by our derived

equation.

m= —— (125)

I=b(l-—) (126)

- (127)
1-2)

e We discovered the definition of the ability of a property to be a relativistic equation or we may say ” Law

of relativistic property”.
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